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Course: MPZ 3231-Engineering Mathematics IA                      Model Answer No·03  

 Academic Year – 2013/2014 

1. a)  

� � ���� � �� � �� 	 1  

   ���� � ����� � �� 	 1��2� � 1� � ��� � ���� 	 1�� � ��� 	 2� � 1��� 	 1��  

       ����� � �� 	 1�� � 2�� 	 1�� � �� 	 1 	 √2��� 	 1 � √2��� 	 1��  

���� �  ����� � �� � ��1 � √2���� � ��1 	 √2���� 	 1��            � � �1 

 

� � ��1 	 √2� 

� � ��1 	 √2� 

��1 	 √2� � � � ��1 	 √2� 

� � ��1 	 √2� 

��1 	 √2� � � 

����� � 0 

����� � 0 

����� � 0 

����� � 0 

����� � 0 

When � � ��1 	 √2�  ���� 

has a local maximum point 

���1 	 √2�, ��1 	 √2��� 
When � � √2 � 1  ���� has a 
local minimum point        ��√2 � 1�, �√2 � 1���

� → 	∞         � → 	∞ 

� → �∞         � → �∞ 

When � � �1  � is not defined. 

∴   � � �1  is the vertical asymptotes of the curve 

When � � 0  and   � � 1 ,       � � 0 

Let assume that slant asymptote � � �� 	 � 

� → 	∞    ���� � �� � �! � 0 

� → ∞   � "����� � � � ��# � 0 
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� → ∞   "����� � � � ��# � 0 

� → ∞   ����� � � 

 � → ∞   �� � � � 	 1$� � � 

 � → ∞      �� � ��� 	 � � � 

� → ∞      1 � 1�1 	 1� � 1 � � 

∴  %&'(→)    �� � � � 	 1$� � 1 � � 

� � � → ∞   *���� � ��+ � � → ∞   ,�� � �� 	 1 � �- 
    �   � → ∞   ,�� � � � �� � ��� 	 1� - 
    �   � → ∞   . �2��� 	 1�/ � �2 

 

 ∴   The equation of the slant asymptote � � � � 2 
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b)  �� � �� � 2    ; �� 1 0    ��� � 2� 1 0 

∴    � 2 0   and  � � 2 

∴  curve is symmetric about the  �  axis 

� � 34 �� � 2 

���� � 12 � �� � 2�56� *�� � 2� 7 1 � �+�� � 2�� � �8� � 2� 1�� � 2�� 

       � �19��� � 2�: 

∴  when � � 0    
;<;(   not defined 

��3 	 2√2� 

� 

� � �� � ��� 	 1� 

��√2 	 1� �√2 	 1� 

��3 � 2√2� 

1 0 

� � � � 2 
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0 2 �        
;<;( < 0        � � 2           ;<;( < 0 

� → ∞  � � 31   ( horizontal asymptotes) 

� � 2  Vertical asymptote  

 

 

 

 

 

 

 

 

 

 

 

 

 

c)  

� � ���� � �� � � � 12� 	 2 � �� � 4��� 	 3��� 	 2�  

���� � ����� � �� 	 2��2� � 1� � ��� � � � 12��� 	 2�� � �� 	 4� 	 10�� 	 2��  

 ∴     �����,  ;<;( > 0 for all values of  � 

 � 	 2 � 0  is vertical asymptote 

� → ∞        � → ∞ 

� → �∞     � → �∞ 

To find slant asymptotes, 

Let assume that slant asymptote � � �� 	 � 

∴ � → 	∞    ���� � �� � �! � 0 

� � 2 � � �1 

� � 1 

�� � �� � 2 

� 
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� → ∞   � "����� � � � ��# � 0 

� → ∞   "����� � � � ��# � 0 

� → ∞   ����� � � 

����� � �� � � � 12��� 	 2�                        ∴  %&'(→)    ����� � 1 � � 

� � � → ∞   *���� � ��+ � � → ∞   ,�� � � � 12� 	 2 � �- 
    �   � → ∞   .�� � 12 � 2��� 	 2� � �3/ 
 ∴   The equation of the slant asymptote � � � � 3 

� � ���� � �� � � � 12� 	 2 � �� � 4��� 	 3��� 	 2�  

  ∴    � � 0    when    � � 4  and   � � �3 

                                  � � 0        � � �6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

� � �� � � � 12� 	 2  

� � � � 3 

� � �2 

�6 

�2 �3 4 � 
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2. a) 

%&'(→@   �� � 16�� 	 � � 20 � %&'(→@   �� � 4��� 	 4��� � 4��� 	 5� � %&'(→@   �� 	 4��� 	 5� � 89 

 

b)  

%&'(→6   �D � 2�: � 4�� 	 9� � 4�@ � 2�: 	 2� � 1  

%&'(→6   �� � 1���@ 	 �: � �� � 5� 	 4��� � 1���: � �� � � 	 1�  

%&'(→6   ��@ 	 �: � �� � 5� 	 4���: � �� � � 	 1�  

%&'(→6   �� � 1���: 	 2�� 	 � � 4��� � 1���� � 1�  

%&'(→6   ��: 	 2�� 	 � � 4���� � 1�  

%&'(→6   �� � 1���� 	 3� 	 4��� � 1��� 	 1�  

%&'(→6   ��� 	 3� 	 4��� 	 1� � 82 � 4 

c)  

%&'(→E  FGHI (5 ((J K =%&'(→E FLMG (5 6:(J K     L’ hospital Rule 

  � %&'(→E N� GHIOPO:(J Q  

  � %&'(→E 
�:.@ N GHIPOPO Q�

 

             

             � 16 
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d). 

%&'(→E ST( � S5T(logX*1 	 ��+ 
By using L Hospital Rule  
%&'(→E ����Y��� � %&'(→E �′���Y′��� 

� %&'(→E   ST( � S5T( logX*1 	 ��+ � %&'(→E��ST( 	 S5T(�
%&'(→E  � �1 	 ���  

 

� 2��  

e). 

%&'(→E S( � S5( � 2�� � sin �  

� %&'(→E S( � S5( � 21 � cos �  

� %&'(→E S( � S5(sin �  

� %&'(→E S5(�S�( � 1�sin �  

� %&'(→E S5(�S�( � 1�2� ^ 2sin �� _   � 2 

3. a)  

` � ��� 	 ��� 	 ��� � ��� 

a`a� � ���� 	 ���. � 	 ���� � ���. ���� 

a�`a�� � ��*���� 	 ��� 	 ���� � ���. + � � � �1� 

a`a� � ���� 	 ��� 	 ���� � ��� 

a�`a�� � *���� 	 ��� 	 ���� � ���. + � � � �2� 

from �1� and �2� 

a�`a�� � �� a�`a�� 
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b) ` � Sb�c5(� ,       d� � �� 	 ��  

i). ` � SbF9(Oe<O5(K a`a� � fSbF9(Oe<O5(K g12 ��� 	 ���6�. 2� � 1h � f` i� � 9�� 	 ��
9�� 	 �� j 

 

Na`a�Q� � f�`� i�� � 2�9�� 	 �� 	 �� 	 ���� 	 �� j
� f�`��� 	 �� k2�� 	 �� � 2�9�� 	 ��l � � � �1� 

a`a� � fSbF9(Oe<O5(K g12 ��� 	 ���6�. 2�h � f`�9�� 	 �� 

 

Na`a�Q� � f�`����� 	 �� � � � �2� 

 

2`f a`a� � 2f�`� i� � 9�� 	 ��
9�� 	 �� j

� 2f�`� i�9�� 	 �� � ��� 	 ����� 	 �� j � � � �3� 

�1� 	 �2� 	 �3� 

Na`a�Q� 	 Na`a�Q� 	 2`f a`a� 

             � f�`��� 	 �� k2�� 	 �� � 2�9�� 	 �� 	 �� 	 2�9�� 	 �� � 2�� � 2��l � 0 

 
 

ii).  ` � SbF9(Oe<O5(K a`a� � fSbF9(Oe<O5(K g12 ��� 	 ���56�. 2� � 1h � f` i� � 9�� 	 ��
9�� 	 �� j � ��1� 

a�`a�� � f` m9�� 	 �� 7 1 � � 7 12 ��� 	 ���56� 7 2��� 	 �� n 

                                                     	f�` " �9�� 	 �� � 1# " �9�� 	 �� � 1# 

 
 

a�`a�� � f` m��� 	 ��� � ��
��� 	 ���:� n 	f�` i�� � 2�9�� 	 �� 	  ��� 	 ���  �� 	 �� j 
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a�`a�� � f` m ��
��� 	 ���:�n 	f�` i2�� 	 �� � 2�9�� 	 ��  �� 	 �� j � � � �2� 

 a`a� � fSbF9(Oe<O5(K g12 ��� 	 ���56�. 2�h � f`�9�� 	 �� 

a�`a�� � f` m9�� 	 �� 7 1 � � 7 12 ��� 	 ���56� 7 2��� 	 �� n 

                                                     	f�` " �9�� 	 ��# " �9�� 	 ��# 

 
 

a�`a�� � f` m��� 	 ��� � ��
��� 	 ���:� n 	f�` " ��  �� 	 ��# 

a�`a�� � f` m ��
��� 	 ���:�n 	f�` " ��  �� 	 ��# � � � �3� 

  �2� 	 �3� 	 2f 7 �1� 
 

a�`a�� 	 a�`a�� 	 2f a`a� � f` m ��
��� 	 ���:�n 	f�` i2�� 	 �� � 2�9�� 	 ��  �� 	 �� j 

                         	f` m ��
��� 	 ���:�n 	f�` " ��  �� 	 ��# 	 2f 7 f` i� � 9�� 	 ��

9�� 	 �� j 
a�`a�� 	 a�`a�� 	 2f a`a�

� f` m �� 	 ��
��� 	 ���:�n 	f�` i2�� 	 �� � 2�9�� 	 �� 	 ��  �� 	 �� j 

                                                                      	2f�` i�9�� 	 �� � ��� 	 ������ 	 ��� j 
a�`a�� 	 a�`a�� 	 2f a`a� � fd̀ 	2f�` i��� 	 ��� � �9�� 	 ��  �� 	 �� j 
                                                                  �2f�` i��� 	 ��� � �9�� 	 ����� 	 ��� j 
a�`a�� 	 a�`a�� 	 2f a`a� � fd̀  
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c) If ` � ��� � 2�� 	 o�3� 	 �� 

a`a� � �′�� � 2�� 	 o′�3� 	 �� 7 3 

a�`a�� � �′′�� � 2�� 	 o′′�3� 	 �� 7 9 

a`a� � �′�� � 2�� 7 ��2� 	 o′�3� 	 �� 

a�`a�� � �′′�� � 2�� 7 4 	 o′′�3� 	 �� 

a�`a�a� � �′�� � 2�� 7 ��2� 	 o′�3� 	 �� 7 3 

 

a�`a�� 	 � a�`a�a� 	 � a�`a�� 

� �′′�� � 2�� 	 o′′�3� 	 �� 7 9 	 � �′�� � 2�� 7 ��2� 	 o′�3� 	 �� 7 3!	 ���′′�� � 2�� 7 4 	 o′′�3� 	 ��� 

� �′′�� � 2�� 1 � 2� 	 4�! 	 o′′�3� 	 �� 9 	 3� 	 �!  � 0 

Since �′′�� � 2�� � 0,   o′′�3� 	 �� � 0 

1 � 2� 	 4� � 0 � � � �1�  and     9 	 3� 	 � � 0 � � � �2� 

Solving equations 

� � �3514 � �52 ,     � � �2114 � �32  
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4. a)  ` � ���, �� , � �  Sq cos r, � �  Sq sin r  

a`as � a`a� a�as 	 a`a� a�as 

 a`as � a`a� Sq cos r 	 a`a� Sq sin r � � � �1� 

a`ar � a`a� a�ar 	 a`a� a�ar 

 a`ar � � a`a� Sq sin r 	 a`a� Sq cos r � � � �2� 

�1�� 	 �2�� 

.a`as/� 	 .a`ar/� � Na`a� Sq cos r 	 a`a� Sq sin rQ� 	 N� a`a� Sq sin r 	 a`a� Sq cos rQ�
 

 

� S�q ,Na`a�Q� cos� r 	 2 a`a� a`a� cos r sin r 	 Na`a�Q� sin� r-
	 S�q ,Na`a�Q� sin� r � 2 a`a� a`a� sin r cos r 	 Na`a�Q� cos� r- 

 

      � S�q ,Na`a�Q� 	 Na`a�Q�- 
b).   

���, �� � 9�� � ��   sin56 �� 	 �� � ��
9�� 	 �� 

a�a� � 12 ��� � ���56� ��2�� sin56 �� 	 ��� � ���6�. 1
N1 � ����Q6� 7 1� 

                             	 ��� 	 ���6� 7 2� � ��� � ��� 7 12 ��� 	 ���6�. 2���� 	 ���  

a�a� � ��
��� � ���6�   sin56 �� 	 1 	 2��� 	 ���� � ���� � ���

��� 	 ���:�  

 

      � ��
��� � ���6�   sin56 �� 	 1 	 �: 	 3���

��� 	 ���:� � � � �1� 

a�a� � 12 ��� � ���56� �2�� sin56 �� 	 ��� � ���6�. 1
N1 � ����Q6� 7 ����  
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                                     	 ��� 	 ���6� 7 �2� � ��� � ��� 7 12 ��� 	 ���6�. 2���� 	 ���  

a�a� � �
��� � ���6�   sin56 ��  �   ��  �  ^2��� 	 ���� 	 ���� � ���

��� 	 ���:� _ 

 

      � �
��� � ���6�   sin56 �� �  �� � 3��� 	 �:

��� 	 ���:� � � � �2� 

 �1� 7 � 	 �2� 7 � 

� .a�a�/ 	 � .a�a�/ � ���
��� � ���6�   sin56 �� 	 � 	 �@ 	 3����

��� 	 ���:�  

                                   	 ��
��� � ���6�   sin56 �� �  � � 3���� 	 �@

��� 	 ���:�  

 

                                � ��� � ���6�   sin56 ��   	   �@ � �@
��� 	 ���:� 

                                � ��� � ���6�   sin56 ��    	   �� � ��
��� 	 ���6� 

� .a�a�/ 	 � .a�a�/ � ���, �� 

 
 
5. a) � 	 2� � 3` � 0 � � � �1�                  �6� 	 �6� 	 t6` � �6   2� � � � ` � 6 � � � �2�                  ��� 	 ��� 	 t�` � �� 

The direction ratios of the normal to the plane �1� is 1 ∶ 2 ∶ �3 and plane�2� 
is 2 ∶ �1 ∶ �1 
Hence the intersection line of the two planes has direction cosine �6t� � ��t6 ∶ t6�� � t��6 ∶ �6�� � ���6 

 2 7 ��1� � ��1���3� ∶ ��3� 7 2 � ��1� 7 1 ∶ 1 7 ��1� � 2 7 2                            �5         ∶              �5                      ∶ �5 
Let we can put � � 0         ∴ 2� � 3` � 0  

                     � 	 ` � �6                                                                5� � �18 

                                                               � � �185  

 

                                                               ` � �125  
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Equation of the line  
�
1 � � 	 18

5
1 � ` 	 12

5
1  

 
  2nd Method 

                               � 	 2� � 3` � 0 � � � �1�                   
                                 2� � � � ` � 6 � � � �2�                 
 
�1� � �2� 7 3        � 5� 	 5� � �18 

                                                    � � � 	 18
5  

�1� 	 �2� 7 2              5� � 5` � 12 

                                                    � � ` 	 12
5  

  Equation of the line  
�
1 � � 	 18

5
1 � ` 	 12

5
1  

 
Find the intersection point of the following line 

� � 1
1 � � 	 1

2 � `
3                    �1 � � 	 18

5
1 � ` 	 12

5
1  

� � 1
1 � � 	 1

2 � `
3 � v                    �

1 � � 	 18
5

1 � ` 	 12
5

1 � w 

x ≡  v 	 1, 2v � 1, 3 v  !                   z ≡ gw, w � 18
5 , w � 12

5   h 
If x and z are intersect 
       v 	 1 � w � � � �{� 

     2v � 1 � w � 18
5 � � � �|�   

             3v � w � 12
5 � � � �}� 

By �{� and �|� 
v � 2 � 18

5 � � 8
5 

w � 1 � 8
5 �  3

5 

By �|� and �}� 

   v � � 12
5 � N� 18

5 Q � � 6
5 

   w � 3 7 N� 6
5Q 	 12

5 �  6
5 

 v and w have different values  
 ∴ These lines are not intersect 
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b)   
 
 
 
 
 
 
 
 
 

 
 
Let assume that the equation of the required plane is �� 	 �� 	 t` � � 
The equation of  ' 
� � 2

2 � � � 1
�3 � ` 	 4

5  

Since this line is parallel to the required plane  
∴ The normal of the required plane P perpendicular to the line m 
∴   2� � 3� 	 5t � 0 � � � �1�  
Since the line l passed through the required plane 

% � � � 13 � � 	 64 � ` 	 12  ∴   3� 	 4� 	 2t � 0 � � � �2� 
 �1� 7 4 	 �2� 7 3 17� 	 26t � 0 

                   t � �1126 � 3� � 2� 	 5t 

        � 2� � 8526 � � �3326 � 

        � � � 1126 � 

 ∴ form of the required plane  

�� � 11�26 � � 17�26 ` � � 

26� � 11� � 17` � � 

Since this plane passed through the line l 

{ ≡ �1, �6, �1�lies on this plane 

26 7 1 � 11 7 ��6� � 17 7 ��1� � � 

Given line % Required plane 

Given line ' 
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∴ � � 109 

∴ The equation of the required plane is 26� � 11� � 17` � 109 � � � �1� 

If this plane passes through the point | ≡ �2,1, �4� it must be satisfy the 
equation �1� 

26 7 2 � 11 7 1 � 17 7 ��4� � 52 � 11 	 68 � 109 

∴ The point �2,1, �4� lies on the above plane. 

 
6. a) Find the intersection point of the following line � � 11 � � � 11 � ` � 23 � v                    � 	 22 � � � 5�1 � ` 	 32 � w x ≡  v 	 1, v 	 1, 3v 	 2 !                   z ≡  2w � 2, 5 � w, 2w � 3  ! 

If x and z are intersect        v 	 1 � 2w � 3 � � � �{�        v 	 1 � 5 � w    � � � �|�        3v 	 2 � 2w � 3  � � � �}� 
By �{� and �|�         2w � 3 � 5 � w 

   3w � 8 

                    w � 83 

  v � 163 � 4 � 43 

By �|� and �}�    5v 	 4 � 7 

v � 35 

   w � 4 � 35 �  175  

 v and w have different values  
 ∴ These lines are not intersect 
 
b) Find the intersection point of the following line � � 43 � � � 12 � ` � 3    � 	 � 	 2` � 4 � � � �1� 3� � 2� � ` � 3 � � � �2� �1� 7 2 	 �2�      5� 	 3` � 11 

                                            � � 11 � 3`5  
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                                            � � �3` 	 115 � ` � 113� 53  

�1� 	 �2� 7 2      7� � 3� � 10 

                                            � � 10 	 3�7  

                                            � � 3� 	 107 � � 	 10373  

 � � 43 � � � 12 � ` � 3 � v � � � �1� 

�3 � � 	 1037 � ` � 113�5 � w   � � � �2� 

 

P is the point on the line 
(5@: � <56�  = ̀ � 3  and  

Q is the point on the line of intersection of the plane � 	 � 	 2` � 4  and              3� � 2� � ` � 3 

x ≡  3v 	 4,2v 	 1, v 	 3 !                   z ≡ g3w, 7w � 103 , �5w 	 113   h 
If the line  �1� and �2� are intersect        3v 	 4 � 3w               � � � �{� 

       2v 	 1 � 7w � 103      � � � �|�   
          v 	 3 � �5w 	 113  � � � �}� 

By �{� and �|� 
        3v 	 43  � 2v 	 1337  

      21v 	 28 � 6v 	 13                     v � �1 

                     w � v 	 43 � 13 

By �|� and �}� 

              7w � 133  � �10w 	 43 

                       17w � 173  

  

                            w � 13 
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                           v � �5w 	 23                             v � �1 v � �1 and  w � 6:  

 v and w have same values  
 ∴ These lines are intersect 
 ∴ Equation of the plane which contains the two lines 

 � � 43 � � � 12 � ` � 3 � �1 

Let assume that the equation of the plane is �� 	 �� 	 t` � � 

Since the lines  
(5@: � <56�   � ` � 3  and  

(: � <e��J� � �5��J5D   ∴ 3� 	 2� 	 t � 0 � � � �1�    3� 	 7� � 5t � 0 � � � �2� 
 �2� � �1� 5� � 4t � 0 

� � 4t5  

3� 	 8t5 	 t � 0               � � �13t15  �13t15 � 	 4t5 � 	 t` � � 

�13� 	 12� 	 15` � 15� x ≡ �1, �1,2� lies this plane �13 � 12 	 30 � 15� 

� � 2915 

�13� 	 12� 	 15` � �29 

 

 


